Application of Derivatives
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Directions: In the following questions, A statement
of Assertion (A) is followed by a statement of
Reason (R). Mark the correct choice as.

(A) Both A and R are true and R is the correct

explanation of A
(B) Both A and R are true but R is NOT the correct

explanation of A
(C) A is true but R is false

(D) Ais false and R is True

Q. 1. The total revenue received from the sale of x units
of a product is given by R(x) = 3x* + 36x + 5 in
rupees.

Assertion (A): The marginal revenue when x = b 1s
66.

Reason (R): Marginal revenue is the rate of change
of total revenue with respect to the number of items
sold at an instance.

Ans. Option (A) is correct.

Marginal revenue is the rate of change of total
revenue with respect to the number of items sold
at an instance. Therefore R 1s true.

R'(x) = 6x+36
R’(5) = 66

- Als true.
R is the correct explanation of A.

Q. 2. The radius r of a right circular cylinder is increasing
at the rate of 5 cm/min and its height k, 1s decreasing
at the rate of 4 co/min.

Assertion (A): When r = 8cm and /1 = 6 cm, the rate
of change of volume of the cylinder is 224n cm*/min

Reason (R): The volume of a cylinder is V = lmzh
Ans. Option (C) is correct.

Explanation: The volume of a cylinder is V=mn’h.

So R is false.
d dh
d—:=5cm/ﬂﬂn,E= —4 ¢cm / min
V = nr’h
A P L
dit dt dt
V
i—t= n[64 X (—4)+2x 6 X 8 x 5]
d_V) — 2241 cm® / min
dt r=8, h=6

Volume 1s increasing at the rate of
2247 cm*/min.
A 1s true.

Part- 2
ASSERTION AND REASON BASED MCQs (1 Mark each)

Q. 3. Assertion (A): For the curve y = 5x — 2%, if x
increases at the rate of 2 units/sec, then at x = 3 the
slope of curve 1s decreasing at 36 units/sec.

Reason (R): The slope of the curve is j—y
X

Ans. Option (D) is correct.

Explanation: The slope of the curve y = f(x) 1s

ﬁ. R 1s true.
dx
Given  curveis y = 5x - 2x°
or 4y _ 5— 6x*
dx
2 dy
or m = 5—06x slopem = —=
dx
dn dx
— = —12x—=-24x
dt dt
[ @ = 2 units / sec}
dt
am| _ o
dt x=3
Rate of Change of the slope is decreasing by 72
units/s.
A is false.

Q. 4. A particle moves along the curve 6y = x°> + 2.
Assertion (A): The curve meets the Y axis at three points.

—

Reason (R): At the points (2, %) and (-2, -1) the

ordinate changes two times as fast as the abscissa.
Ans. Option (D) is correct.

Explanation:
On Y axis, x = 0. The curve meets the Y axis at

only one point, z.e., (ﬂ, 1]

Hence A is false.

by = x° +2
{iy zdx
0 6— = 3x"—
' it
Given, d_y = Zd—x
dt dt
or 12 = 3x2
or ¥ = 2

Put x = 2 and -2 in the given equation to get y

~. The points are (2, g), (-2, -1)

R 1s true.
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Q. 5. Assertion (A): At x = %’ the curve y = 2cos”® (3x) dy (2+2y) = —2x
has a vertical tangent.

Reason (K): The slope of tangent to the curve dy _ —2X
dx  2(1+y)
|
y = 2cos?(3x) atx = — is zero.
6 _ X
Ans. Option (D) is correct. L+y

Slope of tangent at (-1, 2)

Explanation:
Given y = 2cos”(3x) ay s
p dx (-1,2) 1+2
d_y = 2X 2% cos(3x) X (—sin 3x)x 3 1
¥ =
dy * 3
dx GRn Hence R 1s true.
dy } = binm Slope of normal at (-1, 2)
dx | _=®
6 B -1
=-6Xx0 Slope of tangent
=0 = -3.
- Ris true.

Since the slope of tangent is zero, the tangent Hence A 1s true.

is parallel to the X-axis. That is the curve has a R is the correct explanation for A.

horizontal tangent at x = * . Hence A is false. Q. 8. The equation of tangent at (2, 3) on the curve
y'=ax'+ bisy = 4x - 5.
Q. 6. Assertion (A): The equation of tangent to the curve Assertion (A): The value of a is +2
y = sin x at the point (0, 0) is y = x. Reason (R): The value of b is £7
Reason (R): If iy = sin x, then ‘j—y atx =0is 1. Ans. Option (C) is correct.
Ans, Option (A) is correct. - *
Explanation:
Explanation:  Giveny = sinx P = ax®+b
d_y — COS X Ditferentiate with respect to x,
dx dy
2y—= = 3ax?
Sl ft tat (0, 0) [ﬁ} T
ope of tangent at (0, 0) =
g . 4x Jo, 0y d 3ax’
i
or i_ = 5
=cos(’ o 4
= dy 3ax*
. or i i 18 s a1 B
- R1s true. i il vy =ax ]
Equation of t tat(0,0)1i
quation of tangent at ( ! ) 15 & 30(2)
y-0=1(x-0) or —— = >
_ g dx|ps — £24a(2) +b
Hence A 1s true. 124
R is the correct explanation of A. = 2.3 +b
Q. 7. Assertion (A): The slope of normal to the curve 6a
X2+ 2y + 2= 0at (-1, 2) is 3. ~ +J/8a+b
Reason (R): The slope of tangent to the curve Since (2, 3) lies on the curve
. 1 v = ax’+b
. N 2 S T
x2+2y-|-y—ﬂat(1,2)153. - 0 — 8+ )
Ans. Option (A) is correct. Also from equation of tangent
L y = 4x->5
Eiplenaiion; slope of the tangent = 4
Given x*+2y+y* =0 p 2
. - a
2% + zj—i+ Zy% = 0 S el T iaeh T
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6a On equating,

4 = ™ {from (i) } f'(x) =0
or —sindx =1()
4 = 62 or Ax = 0,720 e
3 T T
or x = 0, e
4 = E or4 = E
3 =3 Sub-intervals are [l[], E:I; [E, E]
either, =2 ot a = —2 4] [4 2
o 9 = éEZJ +b orf'(x)< 0in [D, ﬂ
or b = -7
and for 2 ; E;:EI = or f(x) is decreasing in [U; EJ
9 = 8(-2)+0
or b= 25 and, f'(x) > 0in [E, E:|
or a =-2andb=25 4 2
Hence A is true and R 1s false.

s g s e | R T
X)1s 1ncreasinemn | — — | -
f'(x) g [4,2}

Both A and R are true. But R is not the correct

explanation of A.

Q. 9. Assertion (A): The function f(x) = x° - 3x* + 6x - 100
is strictly increasing on the set of real numbers.
Reason (R): A strictly increasing function is an

injective function. Q.11. Assertion (A): The function y = [x(x — 2)P is
Amns. Option (B) is correct. increasing in (0, 1) U (2, »)
Explanation: Reason (R): j—y =0, whenx=0,1, 2.
f(x) = x* = 3x% +6x—100 £
. Ans. Option (B) is correct.
f'(x) = 3x" —6x+6
5 Explanation:
= 3[x° - 2x + 2] 3
2 y = [x(x-2)]
= J(x-1)" +1] N )
= [x* —2x]
since f'(x) > 0; xe R dy -
f(x) is strictly increasing on R. P 2(x" = 2x)(2x - 2)
Hence A 1s true. dy
For a strictly increasing function, o dx afa-~LE-2)
1 7 % On equatin 4 - 0
= fir) > fixy) TS T
Le.; x, = x,
dx(x—1)}(x—2)=0=2x=0,x=1,x=2
= fiw) = fix) HE= A
Hence, a strictly increasing function is always an * Intervals are (=, 0), (0,1), (1,2), (2, )
injective function. Sitice, dy >0 in (0,1) or (2, )
5o R is true. dx
But R is not the correct explanation of A. w. f(x) isincreasing in (0,1) U (2, <)
Q. 10. Consider the function f(x) = sin*x + cos*x. Both A a.nd R are true. But R is not the correct
explanation of A.

Assertion (A): f(x) 1s Increasing in [U, g]

Q. 12. Assertion (A): The function y = log(1l + x) — —
: S 2+ x
Reasart (R): i) 1 decremsing in [E’ _} is a decreasing function of x throughout its domain.

2
Reason (R): The domain of the function
2x

2+x
Ans. Option (D) is correct.

Ans. Option (B) is correct.

Explanation: flx) = log(1 + x) -

f(x) = sin* x + cos* x

is (<1, o)

or  f’(x) = 4sin® xcos x — 4cos® xsin x | '
; . 7 Explanation:
= —4s1n xcos x [—sIn” x + cos” x|

log (1 + x) is defined only when x + 1 > 0 or x
> 1.

= — 2sin 2x cos Zx

= — 51N 4%
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Hence R is true.
2X

=log(1+x)—
y = log(1+x) -

Diff. w.r.t. ‘X,
1 [2+x)@)-2x]
dx  1+x  (2+x)>
1 [4-2x-24]
C1+x 2+
1 4
_1+:c_(2+J:)E

_ (2+x)* —4(1+x)

(242 (1+x)
A+ x®+4x—4-4x
(2+x)*(1 +x)
(2+x)*(1+x)
For increasing function,
50
dx
2
or J; >0
(2+x)"(x+1)
2+ xP(x + x>
or ( +x)4(:-:+ )Ju::2 -
(2+x) (x+1)
or (24+x)*(x+1)x* >0
When x > -1,
dy .
— isalways greater than zero.
2%
= log(1+x) -
y = log(l+x) 5

is always increasing throughout its domain.

Hence A is false.

Q. 13. The sum of surface areas (5) of a sphere of radius ‘¥

. s X :
and a cuboid with sides —, x and 2x 1s a constant.

Assertion (A): The sum of their volumes (V) is
minimum when x equals three times the radius of

the sphere.

S
R R): V 1s mini h = \/
eason (R): V 1s mimimum when » TR

Ans. Option (A) is correct.

Explanation:
. [ 2 252

Given S =4nr*+ 2 §+2xZ+T
S = 4mr’ + 622 )
g &= 47

or x? =

6
and v=4_53, 2 3

—Tr’ + ——
3 3

NI/ 2
V = é:r::rg'+E S—dnr”
3 3 6
14
dV > [ S-4nr? (—er)
— = 4mr° +
dr 6 6
v _,
dr
S
or T =
54 +4rm
4%V 8\ S —4nr? 5
Now ~— = 8nr +(—]
dr? 6 6
)
_|_1 S —4mr? ( —8mr
2 6 6
2
al = S ;d_v}[]
54 +4m drz
L s
.. for ¥ = 4+ A volume is minimum

ie., (54 +4m) =S
or (54 + 4n) = 47 + 6x°

or 6x2 = 542
or & =97
or X = 37

Hence both A and R are true.
R is the correct explanation of A.

Q. 14. AB i1s the diameter of a circle and C 1s any point on
the circle.
Assertion (A): The area of AABC is maximum when
it is isosceles.
Reason (R): AABC is a right-angled triangle.

Ans. Option (A) is correct.

Explanation:
C
>\
A
B
Let the sides of rt. A ABC be x and .
; x* +yt = 4r7
and A = Areaof A = %xy
Lel, s — A?
1
= a0
Rl o
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= = ¥3(4¢2 — 2
L PP
1
= (4 &2 4
t (4rox® — x7)
A = L] [8r°x — 4x7]
dx
ds
or E =
2
or v = Xrorx= Jo; and i}:’; = n(—%]{ﬂ
and Yy =4r = 2¢" = 207
or = J2r i 3]
4 72 Maxamum volume = RE-%—i[?]
e, x =yand — = (2r*-3x) | V8 27
dx 4TER3 - -
=22 _ 612 < ) = cubic units
| | o 33
or Area is maximum, when A is isosceles.
Hence A is true. Hence A 1s true and R 1s false.

AngleIRASERialedsa. Hyikang . Q. 16. Assertion (A): The altitude of the cone of maximum

Ll = ?O * _ volume that can be inscribed in a sphere of radius r
= AABC 1s a right-angled triangle. »
= Ris true. 15 T
R is the correct explanation of A. i _
Reason (R): The maximum volume of the cone is
Q. 15. A cylinder is inscribed in a sphere of radius R. 8 of the volume of the sphere.

Assertion (A): Height of the cylinder of maximum
Ans. Option (B) is correct.

. 2R |
volume is Na) VIR EE, Explanation: Let radius of cone be x and its
| _ height be A.
Reason (R): The maximum volume of the cylinder OD = (h—r)
 4AmR® ‘ | Volume of cone
is cubic units.

J3

Amns. Option (C) is correct.

..(i)

Explanation: Let the radius and height of
cylinder be r and % respectively

V = nrlh .-(1)
hz
But 2 = R2- —
4
2 3
a0 < )
InAOCD, x> + (h—rP=rorx*=r—(h—r)
1
dv , 3N V = TTE}l{FE —(h-r)*}
or - =mw R*—— 3
dh 1
L, o8 2
For maximum or mimimum _ BTE( h™+2h7r)
dV 4R*
i =Qork’= 3 or Z—E = g(—3h1+4hr)
2R 1% 4
B = = — = Qorh= —
or \@ g or 3
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72y Maximum volume
= M 6h+ar)

d? 3 1 (4r)3 [4;#]3 1
= —qmi—|— | +2] —| »>
3 3 3) "

(5] 8

s
=

=

[
S1
~J]
—
WI | i
g,
e

= e | f sph
ath = i, Volume is maximum 27 (volume of sphere)

Hence both A and R are true.

R 1s not the correct explanation of A.
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